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Abstract 

We obtain the orbifold Virasoro master equation (OVME) at integer order A, which 
summarizes the general Virasoro construction on orbifold affine algebra. The OVME 
includes the Virasoro master equation when A = 1 and contains large classes of stress 
tensors of twisted sectors of conventional orbifolds at higher A. The generic construc- 
tion is like a twisted sector of an orbifold (with non-zero ground state conformal weight) 
but new constructions are obtained for which we have so far found no conventional orb- 
ifold interpretation. 
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1 Introduction 



The Virasoro master equation (VME) summarizes the general Virasoro constructionHlfl on 
affine Lie algebra, 

T{z) = L^' : Jaiz)Mz) : , a, 6 = 1, dim^ . (1.1) 

See Ref. |] for a review of the VME and irrational conformal field theory. Subsequent de- 
velopments in this subject include semiclassical examples of conformal blocks^ in irrational 
conformal field theory, unification!"! with the general non-linear sigma model and the con- 
struction of the stress tensors of twisted sectors of cyclic permutation orbifoldsi from copies 
of the general Virasoro construction ( p. . 1| ) . 

Our starting point in this paper is the orbifold affine algebra! at integer order A, which 
was recently found in the twisted sectors of cyclic permutation orbifolds and includes affine 
Lie algebra when A = 1. Following the suggestion of Ref. |^, we consider here the general 
Virasoro construction on orbifold affine algebra 

f{z) = J2^r' ■■ J^:\z)jt\z) :, a,6 = l,...,dim<7, A G Z+ (1.2) 

where J'^'\z)^ r = 0, A — 1 are the orbifold currents. When A = 1, the orbifold currents 
Jf^z) = Ja{z) satisfy affine Lie algebra and T{z) reduces to T{z) in (|l.lj ). 

The stress tensor T{z) is conformal when £5!* satisfies the orbifold Virasoro master equa- 
tion (OVME) at order A, and the OVME contains the conformal field theories of the VME 
when A = 1. At higher A, the OVME contains large classes of stress tensors of twisted 
sectors of conventional permutation orbifolds, and many other constructions. The generic 
construction of the OVME is apparently a twisted sector of an orbifold or a Ramond (spin) 
sector because the ground state conformal weights Aq of the constructions 

L(m>0)|0)=5„,oAo|0), Aq ^ (1.3) 

are generically non-zero. New unitary solutions of the OVME are obtained however, with 
irrational central charge and/or irrational conformal weights, for which we have so far found 
no conventional orbifold interpretation. 



2 Background 
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2.1 Orbifold afRne algebra 

We consider the orbifold affine algehrM g\ 

[J^:\^+\)Jl'\n+{)] = ifa,'Ji'^'\m+n+'-^) + Ga,{^^^ (2.1a) 

m,n&'^, a,b = 1, ...,dimg, r, s = 0,..,A — 1 (2.1b) 

J^'')(m + y)|0) = when m + ^>0 (2.1c) 
A A 

where the order A of gx is any positive integer and gx=i is affine Lie alg ebra0-i. The 
relations in ( p.lj) are understood with the periodicity condition 

Ji^^'\m + ^) = J(^)(m ± 1 + ^) (2.2) 

and the state |0) is called the ground state of gx. The quantities fab'^ are the structure 
constants of any semisimple Lie algebra g = (Bigi, and the metric Gab is 

Gab = (BiWab- (2.3) 

Here, T^f^ is the Killing metric of gi and kj = Xkj is the level of the associated orbifold affine 
subalgebra. For applications we restrict ourselves to simple compact g, 

Gab = krjab, k = Xk, x = ^ = Ax, ^ = ^ (2-4) 

where ip is the highest root of g and unitarityil requires that the invariant level x be a positive 
integer. 

We will also need the operator product form! of gx 

J^:\z)ji'\w) = + 'fab'^Ji^'^Ky^) + o{{z - wf) (2.5a) 

Ji'\z) = Y: J^:\m + '-)z~'—^'' (2.5b) 



where J^'^-' {z) are the local orbifold currents. 
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2.2 Subalgebras of gx 

The algebra g\ contains a set of regularly embedded subalgebras gr, C g\, 

+ = j^Ar/r,)^^^ Ar_/r7)^ r = 0,...,r/-l, r/ G Z+, - G Z+ (2.6a) 
?7 A ?7 

[ii^'H^ + ^^(^ + ^)] =^/a.^ii''''^H^+^ + ^) + Ga.(m + ^)5^+„+^^o (2.6b) 

which is isomorphic to the set of order t] orbifold affine algebras, taken at levels {kj = Xkj}. 
The special case r/ = 1 is known as the integral affine subalgebralll0i, whose generators 

J^^\m) = J^^\m) (2.7) 

form an affine Lie algebra at levels {kj}. Related subalgebras include C gx, X/t] G 2+ 
where h C g is any Lie subalgebra of g. 

There are many other subalgebras of gx, for example the algebra generated by 

J,,„,..^.,(L^^J^^£iI^^^^^AJ_ n^^. , = 0.1.2.... (2.8) 

where [x\ is the integer less than or equal to x. When /i = ^ G these are the generators 

iM(m + -) = J(^'^)(m + ^), r = 0, - 1 (2.9) 

r] A 

of the grj subalgebras above. 

2.3 Normal ordering 

In Ref. the (mother theory) normal-ordering convention 

: A^'\z)B^'\z) -.M = E ^-^(■4)-A(B)-m-i±£[ ^ 

m=-oo p<-A(A) ^ ^ 

+ 5] 5(^)(m-p+^)iM(p+^)] (2.10) 

P>-A{A) ^ ^ 

was used for the product of any two integer-moded orbifold principal primary fields, including 
the orbifold currents with (mother theory) conformal weights A{A) = A{B) = 1. We will 
use instead the OPE normal-ordering convention 

: A^-'\z)B^'\z) : = <f ^ A^'\x) B^'\z) , (dx) = ^ (2.11) 

J z X — z Ztti 



3 



where the x contour does not encircle the origin. In the case of the orbifold currents, the 
two conventions are related by 



■ Ja \Z)Jb \Z) ■ = ■ Ja [Z).JI'[Z) -.M GabOr+s,0 mod A (2.12) 

and we note that the modes of the OPE normal-ordered bilinears satisfy 

: J^\z)jt\z) : = E : J^^jt'' ■■ M z—' (2.13a) 

mez 

: Ji'^t^ : (m > 0)|0) = G^,^^ ^|o), r = 0, A - 1 (2.13b) 

because : J'^^J^ '''' '-m {m> 0) annihilates the ground state. 
The current bilinears also have a symmetry (see App. A) 

= (2.14) 

which will play an important role in the general construction below. (The symmetry holds 
for : J J -.M as well.) 

3 General Virasoro Construction 
3.1 Summary of the computation 

Following the suggestion of Ref. ^, we consider the candidate stress tensors 

f{z) = j:Cf : Ji^\z)jt\z) : = E L{m)z~-' (3.1a) 



r=0 



£f = C r = 0,...,A-l (3.1b) 

where {J~-f'} is a set of A "inverse inertia tensors". Then, following Ref. we require that 
T satisfies the Virasoro algebra 

^/ N c/2 2T(w) dwT(w) ,n, 

^ ' ^ ' {z-wY {z-wY {z-w) ^ ' 



This computation (see App. A) results in the restriction on C\ 



ab 
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A-1 



J- r — J r ^cd-r ^ r, s K r+sj ce J df "r ice J df r 



s=0 



■ab pah 



+ c 



ab 

\—ri 



r = 0,...,A - 1 



(3.3a) 
(3.3b) 



(where we have defined C'^±x = Cf') and the central charge, 



A-l 



ab 



(3.4) 



r=0 



The form of the restriction ( ^.3| ), in terms of the combination JF"'', is a consequence of the 
symmetry (|2.14| ). Any solution of the system (|3.3| ) gives a conformal stress tensor T, but 
this system is problematic because it has more unknowns than equations. 



3.2 Equivalent Solutions 



The system ( |3.3| ) determines only the combination J^^ in p.3bD . This means that 
a "gauge invariance" under the gauge transformation 



has 



r'ab / r'' \ab r'ab \ \ab nab / n' \ab nab 

'-r K'—r) ~ '—r ^\ i '~'\~r \'~'\-r) ~ '~'\- 



A 



ab 



^ (^, 



\ ab 'T~ab 



(3.5a) 
(3.5b) 

(3.5c) 

for any set of symmetric matrices A^^ = A^°: If L°}' is a solution of ( p.3|) then Clf^ is 
also a solution. 



, A- 1 , 



Using the symmetry ( p.l4|) again, we see that the gauge transformation (|3.5|) is also an 
invariance of the stress tensor 



Lt : Jf^jT ■■ +^f/2 : J^^^'^jf'^ ■■ ^Y.^f ■■ J^jt"^ ■■ for A even 

r=l 

A-l 

Lt : jfKjf^ : +^ : Ji'-^J^"'^ : for A odd 



(3.6) 



and similarly for the central charge. This tells us that all solutions in any given gauge orbit 
are physically equivalent, and we are entitled to choose a gauge. 
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3.3 The OVME 

The most convenient gauge choice is 

Cf = Ctr. r = l,...,L^J (3.7) 

(choose A"^ = {C-'^_r ~ ^'r')/'^) because this choice preserves the form of Cf' given for the 
twisted sectors of cychc orbifolds in Ref. 
In this gauge we have 

= 2Cf (3.8) 
and the Virasoro condition (|3.2|) is summarized by the system 



f=j:Cf:J^^U!;-^^: (3.9a) 

r=0 



A-1 



Cf = 2CrG,,Cf - Y: Cf[Cij,,^f,f' + fJf,j^''C')% < r < L^J (3.9b) 

Cf = = Ctt^, [^\<r<X (3.9c) 

c = 2GabJ2'^r'- (3.9d) 

r=0 

In what follows, we will refer to p.9b| ,c) as the orbifold Virasoro master equation (OVME). 
As a check at A = 1, we define 

L"'' = £^^ Ja = Jf\ T = f (3.10) 

and the OVME reduces to the Virasoro master equationBH (VME): 

T = L"'' : JaJb : (3.11a) 

^ab ^ 2L''''G,,L''' - L'^'^L^^ - L'^'^fJ/./^L"^' (3.11b) 

Gab = ®ikj7]i,, c = 2GabL''' (3.11c) 

as it should since g\=i is affine Lie algebra. 

The solutions of the OVME are in one-to-one correspondence with the conformal stress 



tensors T in (|3.9a| ), and we find 

. ^-1 r( 

2A2 



L(m > 0)|0) = (5„,oAo|0), Ao = Ga6 E -^r'^^/^ (3-12) 

r=0 
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where Aq is the conformal weight of the ground state. This conformal weight is generically 
nonzero so that the generic construction of the OVME is hke a twisted sector of an orbifold 
or a Ramond spin sector. The ground state conformal weight may occasionally vanish, e.g. 
the CFT's of the VME at A = 1 have Aq = 0. 

Using the constraints ( p.9c| ) to pull back the £'s into the fundamental rangeQ, 



r = 0,...,L^J (3.13) 



the OVME has the explicit form: 
For even A 



f = C : ) : +Ct/, : J^^'^Ui''^^ : +2 ^ : J^) J^"^) : (3.14a) 



•-A/2 

r=l 



r<ab n pac/^ pdh ic\ \ ^ ncd nef , \ ^ r'cd pe f , \ ^ pcd pe f n pcd pef\f o, e b 

i-j. — Z,L,^ (jcd'-'r '-'s -'-r+s T '-s '-\-r-s '~'s '-'r-s ~ ^'-Q *-'r I Ice Jdf 

+ Cl% + 2 Y: ^f)fcJfd/''C'J', r = 0, ^ (3.14b) 

s=l ^ 

c = 2GabC^,' + 2GabCl% + 4Gab E '^f (3.14c) 



r=l 

A 1 



Ao = GabCf/, + Gab E ^ f^^^2 "^^ ^ (3-14d) 

r=l 



For odd A 



r=l 



2 2 ?■ 



/'aft cfpac/y pdb (n ST^ pcd pef , red pef , red pef \ _p ar b 



A-l 



-(^S'^ + 2 E Cf)fee^fd/''^r^\ ^ = 0, ^ (3.15b) 



"For A = 1 and 2 the fundamental range in (3.13) is the original range in ( 3.1h| ) 
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A-1 
2 



^2 
Ao = Cafe X! ^ 



„fer(A--r) 
r ^2 • 



(3.15c) 
(3.15d) 



In these relations, we have used the convention that a sum is zero when its lower limit 
is greater than its upper limit. The forms ( p.l4b|) and (|3.15b|) of the OVME are useful for 
computational purposes, while the form (|3.9b|) is useful for studying general properties of 
the system. 



4 Properties of the OVME 



4.1 Counting 

The OVME is a set of 



My,A)=(i^j+i) ^""«'^';'^+^' (4,1) 



coupled quadratic equations for the same number of unknowns ( |3.13| ) 



The number of physically inequivalent solutions to the OVME expectedi at each level k 
is therefore 

N{g, A) ^ 2<3^^)-<^^'^9 (4,2) 
where we have subtracted the degrees of freedom associated with the Lie g covariancei 

C!:' = C';\u-'):{uj-'),\ uj e Aut{g) (4.3) 
of the OVME. As examples of (|]2]), one finds 



N{SU{2),\ = 1) =8, Ar(5f/(3), A = 1) ^ i billion (4.4a) 

N{SU{2), A = 2) = 512, N{SU{3), A = 2) ^ 18 quintillion (4.4b) 



where A = 1 is the VME and the growth with A at fixed g is exponential. 

It is clear that, as in the VME, most of the solutions of the OVME will be new and 
(because the OVME is a large set of coupled quadratic equations) the new constructions will 
have generically irrational conformal weights and central charges. 
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4.2 £^ independent of r 

For any A, we consider the simple consistent ansatz 

/:f (G) = C''\G), (4.5) 



(G is defined in ( |2.3| )) which collects all inverse inertia tensors independent of r. Then the 
OVME simphfies to a rescaled VME 

C''\G) = A[2£-(G')ad/:"'(G) - C'\G)C'f{G)f^^^f^f' - C''\G)fJf,/^C'>iG)] (4.6) 

where Gab is defined in ( p.llc|) . Inspection of ( |4.6| ) gives 

f = C^\G)J: : Ji^Ut^ : (4.7a) 

r=0 

C''\G) = ^L^^G) (4.7b) 
A 

c=\c = 2\GabL''\G), Ao = ^(l--^) (4.7c) 

where L'^^{G) is any solution of the VME (|3.11bD on semisimple affine Lie g. 

The constructions ( |4.7] ) were given in Ref. ^. They are the stress tensors of the twisted 
sectors of all the cyclic permutation orbifolds 

A times 

(4.8) 

which can be constructed from A copies of any affine- Virasoro construction ( p.llap . In what 



follows, we will call (^4.7|) the set of cyclic constructions!^ 

Because they operate in cyclic permutation orbifolds, the cyclic constructions form a 
Virasoro subalgebra of the orbifold Virasoro algebra! 

,.,(,,) = (£Z!R±^ ^ ^f'""'"') + g-^'""''") + 0((. - .)») (4.9a) 

[z — wp [z — wY z — w 

f^^\z) = \l^\G) X: : Ji'\z)fr\^) ■■ (4.9b) 



''The stress tensors of the twisted sectors of the Sn permutation orbifolds can also be constructei 



as sums of commuting copies of the cyclic constructions (4.7). This is because every element of Sn can be 
expressed as a product of disjoint cyclic permutations. 
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where the zero-twist component T^^^ of the extended algebra is the cychc construction T 
inQ. 

Among the cychc constructions, we note in particular the orbifold affine-Sugawara con- 



struction Tg^, 



r=0 



{Cf)g,{G) = = ©,-3 (4.10b) 

^ A 2kj + XQi 

where Qi is the quadratic Casimir of gi and Cg is the central charge of the affine-Sugawara 
construction0'lli~0 at levels {kj} on semisimple g. The form of these construction on 
simple g is: 

Axdim^ a;dim^ nux 

c<?A = . , ,r = ^Cg{x), Cg{x) = ~ (4.11b) 
X + A/ic, X + hg 

Ag^ = %(l-^). (4.11c) 

Here /i^ = Qg/ip"^ is the dual Coxeter number of g, x & IL^ is the invariant level in ( p.4|) and 
Cg(x) is the central charge of the affine-Sugawara construction on simple g. 

The orbifold affine-Sugawara constructions include the affine-Sugawara constructions Tg 
at A = 1, and we shall see below that the orbifold affine-Sugawara constructions play the 
same fundamental role in the OVME that the affine-Sugawara constructions play in the 
VME. 



4.3 Constructions on subalgebras 

The OVME at order A has solutions £(A; /i^) given by 



£f (A; 



/:^^(/i,), if3sG[0,r/-l]s.t. r = ^s 

0, otherwise (4.12a) 
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A,B = l,...,dimh, r = 0,...,A-l, r/ G Z+, - G Z+ (4.12b) 

V 

c(A; h^) = c{hr,), Ao(A; /i^) = Ao(/i^) (4.12c) 

where C{h^) is any solution to the OVME on /i^, h G g (with central charge c(/i^) and 
ground state conformal weight Ao(/i.^)). The order r] solutions appear at order A because 
hri C g\ (see Section ^3). 

The subalgebra constructions ( ^.12) ) include in particular the orbifold affine-Sugawara 
construction on /i^ C g\, 

AB V-l ,_x. 

Th,{X;h,)= ' ^ Y.-Ja Jb " A,B = l,...,<]:imh (4.13a) 

AS-^ild-J,) (4.13b) 

for simple g and simple where r is the index of embedding oi h <Z g. 

We also mention the case /i^ = gi of (|4.12|) , which collects all constructions on the integral 



affine subalgebra: 

Cf{\-g{)=5rflL^\G) (4.14a) 
f (A; g,) = L'^\G) : 7^°^ : , c(A; (?i) = 2L^\G)Gab, MX; g{) = (4.14b) 



where L°'^{G) is any solution to the VME (|3.111i ) with Gab replaced by Gab in ( p.3|) . These 



stress tensors are isomorphic to the stress tensors of the VME and the ground state confor- 
mal weights vanish, as expected, for all these constructions because does not contribute 
to Ao in ( ^A2D . 



4.4 K- conjugation covariance 

At order A, the OVME exhibits K-conjugation covariance through the orbifold affine-Sugawara 
construction Tg^, which includes the familiar K-conjugation covarianceElSSSS through the 
affine-Sugawara construction when A = 1. This means (see App. A) that the K-conjugate 
inertia tensor C 

tf = {Cf)g,-Cf (4.15) 
is a solution of the OVME when £ is a solution, and 

f =fg^-f, ~c = cg,-c, Ao = Ag^-Ao, (4.16a) 
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f{z)f{w) = 0{{z-wf) 



(4.16b) 



where T is the corresponding K-conjugate stress tensor. 

Drawing on experience with the VME, K-conjugation covariance tells us that the confor- 
mal field theory corresponding to T can be considered as a gauge theorynScHl in which 
the cyclic permutation orbifold of A copies of WZW is gauged by the K-conjugate partner 
f of f. 

The OVME has another covariance, which we call Aut{'Zx) covariance, that has no analog 
in the VME: For any automorphism of Za, the inertia tensor C' 

C';' = C;\,), c=c, (PeAuti^x) (4.17) 

is a solution when £ is a solution. Aut{'Zx) covariance relates conformal constructions with 
the same central charge but generically different conformal weights. 



4.5 Coset constructions 

At order A, consider the orbifold affine-Sugawara construction Th^ = Th^{\; hr) on /i^ C g\ 
where g and h are semisimple. (For simple g and this construction is given in (|4.13|) ). 
The K-conjugate partner of T/j^ is the general gx/h^^ coset construction, 

^9a/S = ^ =Tg,- fh^, Cg^/hr, = C= Cg^- (4.18) 



which includes the ordinary coset constructional3il§E3 at A = 1. The special case of ( [4.18|) 
given by Kac and Wakimotolii'0 is gx/gri=i, that is r/ = 1 and h = g with 

C9a/9.=1 = Cg,/g, = \cg{x) - Cg{\x). (4.19) 

The extension to gx/hr,=i was given in Ref. ^ 

It was conjectured in Ref. ^that the coset construction gx/hri=i corresponds to the twisted 
sectors of a different kind of orbifold 



A times 
' g X...X g > 



2a 

where /id(A) is the diagonal subalgebra of h x ... x h. 



(4.20) 
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4.6 Nests 



Repeated K-conjugation on nested orbifold affine subalgebras gx D h^^n ^ ••• ^ gives 
the orbifold affine- Sug aw ara nests, which generahze the affine- Sugawara nestsilS'i of the 
VME on ^ D /i(^) D ... D h^"'\ The orbifold affine-Sugawara constructions and the coset 
constructions are the lowest nests, and the ffist non-trivial nests are 

f,,/K/y^,=f,^-{fH,-fy^,) (4.21a) 

CffA//*.//*;, = ^9x - (ch, - Ch^^,)- (4.21b) 

More generally one has the orbifold affine- Virasoro nests, including 

C/.,/.;, =£..-(cs-cJ,) (4.22b) 

where T* is an arbitrary construction on the subalgebra h'^,. These nests generalize the 
affine- Virasoro nests^'i familiar at A = 1. 

In what follows, we refer to the solutions discussed above (the cyclic constructions, the 
subalgebra constructions on /i^ C g\ and the orbifold affine- Virasoro nests) as "known" 
solutions of the OVME and all other solutions will be called "new" . 



5 The Lie ^-Invariant Constructions 

Many consistent ansatze0'i and subansatze can be found for the OVME, as for the VME. In 
this section we concentrate on the Lie ^f-invariant constructions on simple g, whose abundance 
is a surprising feature of the OVME. The generalization of the "graph theory ansatz" on 
SO{n), familiarii at A = 1, is also given in App. B. 

5.1 Group- invariant ansatz 

We consider the group-invariant ansatz 

^^Cl' = W\ r = 0,...,L^J (5.1) 

[rj""^ is the inverse Killing metric of g) which collects all Lie g-invariant constructions in 
the OVME on simple g. We know that this ansatz includes at least the trivial construction 
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C = 0, the orbifold affine-Sugawara construction Tg^, the particular subalgebra constructions 
Tg^, the coset constructions gx/g-r, and all orbifold affine-Sugawara nests of the form g\ D 
grf D ... D gr^/- Among these only two constructions survive at A = 1, namely the trivial 
construction and the affine-Sugawara construction on g. We shall see that the number of 
new Lie (yf-invariant constructions increases rapidly with A. 

Substitution of ( |5.1j ) into ( |3.9b| ) gives the reduced OVME of the ansatz: 



A-l 



r=0 

lr=xl,^ + hgJ2W^^r-lr+s), < r < M (5.2b) 
s=0 ^ 

It = lr±\ = l\±r, [^\ < r < \ (5.2c) 



. -^-1 r(X-r) 

c = xdimgC^lr), Aq = xdimg Ir — -r^ — (5. 2d) 



where is the highest root of g and x = Ax, x G Z+. For computational purposes we 
give also the forms of the reduced OVME in the fundamental range: 
For even A 



^'f = loV^' : ) : +1,;,^^' : Ji'/'Ul,-'/'^ : +2 : J« J^^^ : (5.3a) 



-r— 1 

' ^ 2 



+2hglrilo + lx/2 + 2j2ls), r = 0,...,- (5.3b) 
c = xdim5((/o + /a/2 + 2 ^ /r), Aq = xdim5((^ + ^ — — — ). (5.3c) 



r=l r=l 



For odd A 



V^^f = lov^" : ) : +2 ^ /^r/^" : Ji'') 4"^^ : (5.4a) 



r=l 
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Zj. xlj. hgi^l ^ ^ Iglr+s ^ ^ ^s^ X—r—s ~l~ ^ ^ ^s^r 

s=l — -''-1 11 „ s=0 



A-1 

A-1 



+2V,(/o + 2^y, r = 0,...,^— (5.4b) 

A-1 A-1 

^ - . T( A — T) 

c = xdim5((/o + 2 ^ /r), Aq = xdimg{Y,lr — ttt^ — )• (5.4c) 

r=l r=l 

We see that the group-invariant ansatz (|5.1|) is a consistent ansatz, giving [|J + 1 coupled 
quadratic equations and unknowns. 

At each level x, it follows that there are 

iV(A) = 2LtJ+i (5.5) 

Lie gf-invariant solutions at order A. In fact, these solutions are organized into A^(A) level 
families!, according to the high-level behavioiili 

/, = ^ + 0(a;-2), ft. G {0,1}, r = 0,...,L^J (5.6) 

of each level family. Only four of these level families are "known" at prime A, and so there 
will be 

Nne^{\) = 2L^J+^ - 4, A prime (5.7) 

new Lie gf-invariant level families at these orders. 

The high-level expansionSi of the Lie (/-invariant level families also shows that each level 
family is unitary for x = Ax, x G at least down to some finite radius of convergence 
Xq = Xxq. Experiencei with the VME shows that Xq is usually quite low, for example Xq = 1 
or 2 (see also Subsecs. ^]2| and |0| ). 

We turn now to finding exact solutions of Eqs. ( ^.3b|) and ( ^.4b|) . In solving these 
equations it was useful to note that only the r = equations have Iq dependence on their 
right hand sides, which effectively reduces the number of equations by one. Then we were 
able to factorize0'i linear combinations of the r ^ equations through A = 6. We find no 
new solutions | for A = 1, 2, 3 and 4. The results for A = 5 and 6 are reported below. 



^For example the four solutions at A 2 are the trivial construction, the orbifold afhne-Sugawara con- 
struction, the afhne-Sugawara construction on the integral affine subalgebra and a Kac-Wakimoto coset. 
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5.2 Irrational conformal weights at A = 5 

At A = 5 there are 2^+^ = 8 level families, four of which are new: 

1 e 



In 



h 



2{x + 5hg) 2{x + hg) 
1 



2{x + 5hg) 
1 

2(x + 5hn) 



[^ + V^ 



X + 5hg 

\ X + hg 



X + 5hg 

\ X+hg 

9 . 



X , 5 
o dim^l:^ -r- + . , 

^ X + 5a„ X + he. 



r],e= ±1 



(5.8a) 

(5.8b) 

(5.8c) 
(5.8d) 



K-conjugation takes {9,ri) — > (—6*, — r^) and all these constructions are unitary Qfor x = 5x, 
X G 2+ because the £'s are reali. 

The central charges (|5.8d|) are rational, but the conformal weights of the ground states 
of these constructions are generically irrational 

xdim^f 1 



An 



V 



10 x + 5hg 5J{x + 5hg){x + h 



(5.9) 



and other conformal weights will be generically irrational because the £'s are irrational. We 
will discuss this set of new constructions further in Sec. 6. 



5.3 Unitary irrational central charge at A = 6 

At A = 6 there are 2^+^ = 16 level families, four of which are new: 



^0 

h 
k 

h 

a 



2{X + Qhg) 

1 

2{x + Qhg) 
1 

2{X + Qhg) 

1 

2ix + 6L) 



hg{—x^ + 3xhg — 6h 



{x + hg)a 

-x^ - 5xh„ + 18hl^ 
[l + ri ^ 



a 



x"^ + 3xha — Qhf, ^ 
[1 + r] — ^ 



a 



x^ + xhg — IShf,^ 

[l+T] ^ 



a 



2iX + hg) 



x^ + 2x^hg - 19£2/i2 + i2xh^ + 36/^4 ^^q = ±i_ 



(5.10a) 

(5.10b) 

(5.10c) 

(5.10d) 
(5.10e) 



''it also follows that the high-level expansions of these level families are convergent down to and including 
level X = 1. 
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As in the previous case, K-conjugation takes [0,1]) —* {—9, —t]). 

Using the fact that the dual Coxeter number hg is positive for all compact Lie algebras, we 
have checked that a, and hence are real for all levels x = 6x, x G 2"*" of all compact Lie 
algebras. It follows that these constructions are also unitary^ for these levels and algebras. 

For these constructions, both the central charge and the ground state conformal weight 
are generically irrational: 

c = — dim(7( = — V ri = =^ H —) (o.llaj 

2 X + ^hg a{x + G/ig) [x + /if,) x + hg 

X dimg , 15x^ + 7xhg - 78hl 



(35 + r/ ^) (5.11b) 

288{x + 6hg) ' a ' 

due to the quantity a in (|5.10e| ). For certain levels the central charge is rational (for example 
level X = 6a; = 6 of SU{2) and 5f/(3)). 

The lowest irrational central charges for each of the simple Lie algebras occur ai 9 = rj = 
— 1 and are listed below: 





X 


c 


SU{2) 


12 






^ 2.7597 


50(3) 


12 




-A) 


^ 2.7597 


SP{1) 


12 






^ 2.7597 




6 


5- ; 


19 ^ 
/60T ^ 


4.2249 




6 


35 
8 


161 
8\/769 


^ 3.6492 


Eg 


6 


10 


68 


^ 2.7423 


3 






6 


26 
5 


- 4.4330 


G2 


6 


21 

5 


- 3.5440 



At fixed (7, the central charges increase monotonically with £, and, for the classical Lie 
algebras (e.g. SU{n)), the central charges increase monotonically with n. 

The lowest unitary irrational central charge in this family of constructions is therefore 

c{{Esh=„ A = 6) = ^ - ^ 2.7423 (5.12) 



'^The high-level expansions of these level families are also convergent through level x — I. 
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and we note that level x = 6 of i^s corresponds, via the orbifold induction procedure^, to 
the historic level x = 1 of i^g- 

The value ( p.l2| ) is less than the lowest known unitary irrational central charge among 
the cyclic permutation orbifolds ( [4.8|) at A = 6, 

c = 6 c(5f/(3)5)g(,)) = 6 (2)(1 - ^) ^ 10.4635 (5.13) 

where c{SU (3)5)*(-^-)) is the lowest knowni unitary irrational central charge in the VME. The 
central charge in ( |5.12|) is also less than c = 6 x 1 = 6, which is the lower bound on possible 
unitary irrational central charge of any order 6 cyclic permutation orbifold. 



6 Discussion: The Lie /i-invariant constructions 

The solutions above for A < 6 show that the Lie ^f-invariant constructions of the OVME are 
closely related to the Lie /i- invariant constructionsSi, with h G g, which have been studied 



in the VME. Following Ref. ^ the Lie /i-invariant constructions of the OVME are those 
constructions on gx whose inertia tensors are Lie /i-invariant 



6C 



ab 



0, 



0, 



(6.i; 



where if)"" parameterizes the Lie group H G G near the origin. Then we know from Ref. |29| 
that these constructions occur in Lie /i-invariant quartets, octets, etc., and the currents of the 
Lie /;,- invariant stress tensors are either (1,0) operators (associated to a global /i-symmetry) 
or (0,0) operators (associated to a local /i-symmetry) . 

In the case of the OVME, Lie h symmetry guarantees at least a global or local hi sym- 
metry, although hrf symmetry can also appear. For example, the general coset construction 
on gx/hfj lives in the Lie /i- invariant quartet 




Figure 1: The simplest Lie /;,- invariant quartet 
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where Kg^ is the usual K-conjugation (T = Tg^ — T) through the orbifold affine-Sugawara 
construction on g\ and Kg^j^^ is (a trivial example of) another K-conjugation through the 
coset construction itself (T = Tg^/h^ — T with T = or Tg^/h^). 
The general Lie /i-invariant quartet has the form 



T{hr, C gx) 



K. 



9X 



Tg^ - T{h, C g^) 



f(hr,Cgx)+n^ 




K. 



9X 



Tgx/hr, -T{hrjC gx) 



Figure 2: The general Lie /i-invariant quartet 

where T(/i^ C g\) is any locally Lie /i-invariant construction on gx (so that T commutes with 
the currents of h^). The K-conjugation Kg^/^^ through the coset construction relates the 
two locally- invariant constructions in the quartet, the other two constructions being globally 
invariant. For the Lie g^-invariant ansatz, one should read hj, — > gr,. 

We have checked that the two new sets of constructions at A = 5 and 6 are Lie g^-invariant 
quartets with the form 



K, 



9\ 



7)^-1, 0^+1 




+1, 9^+1 



K. 



9\ 



Figure 3: New Lie gf- invariant quartets at A = 5, 6 



so that Kg^/g^ is conjugation through the Kac-Wakimoto coset construction in both these 
cases. The constructions with 9 — —1 have a local g^-invariance while the constructions with 
9 — 1 have only a global ^f-invariance. 

To check these conclusions for all the Lie gi-invariant constructions, we have evaluated 
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the f J(°) OPE in this case to find 



nz)J^\w) = M{C)^-^^ + ^) + 0{{z - wf) (6.2a) 



A-1 



M{C),' = A5,^ A = x/o + E (6.2b) 



r=0 



where the matrix M{C)J' is defined for all C in App. A. We have also checked that 

= A (6.3) 



using the reduced OVME (|5.2b|) of the Lie (/-invariant ansatz. The result (|6.3|) verifies that 



the currents J^*^^ of the integral affine subalgebra (7^=1 are either (1, 0) or (0, 0) operators 
in all Lie (yf-invariant constructions, as they should be. The specific identifications in Fig. 3 



follow easily from the central charges in ( 5.8d ) and ( 5.11a ) 



Although all the Lie (yf-invariant constructions have a local or global symmetry associated 
to gn=i, it is also possible to have larger symmetries associated to h^j = gr^, r] > 2. Indeed, 
there is a quartet at A = 4 associated to gr^=2- One remaining question is the nature of the 
extra (perhaps discrete) symmetry of which dictates the larger symmetry. 

In the case of the A = 5 quartet, one sees further structure because there are only two 
independent central charges in ( ^.8d|) . In fact, we may write these central charges as 



(6.4) 



^ ~ r,i^g\=5 "I" ^^gv=i^ 1 1 

' 2 '^95/91 



which shows that the two (?i-local theories {6 = —1) have the same central charge, and 
moreover that this central charge is exactly half of the central charge of the Kac-Wakimoto 
coset. 

Local Lie /i-invariant constructions with c = \cg/h, called the self K g/h- conjugaie con- 
structionsii'i, are known from the VME, where T and T in T = Tg^—T are automorphically 
equivalent inertia tensors (related by a transformation in Aut{h)). The mechanism here, al- 
though similar, is not the same: In the present case, conjugation by Kg^/g^ {rj —rj) is 
an example of the Aut{'Ex) covariance of the OVME (see Subsec. [4.4|) , so that the two 
constructions with c = \cg^/gi have generically different conformal weights. 

The central charges in ( |5.8d| ) (or ( |6.4| )) can also be written as 

c = 5(^)+^(^^), c,(x) = — ^, xez+ (6.5) 

^ ^ X + ha 
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where Cg{x) is the central charge of the affine-Sugawara construction on g. Since conventional 
orbifoldization does not change the central charge of a theory, the form (3^) suggests that 
the new constructions at A = 5 might be twisted sectors of orbifolds which start with copies 
of a conformal field theory whose central charge is c = Cg/2. Conformal field theories with 



c = Cg/2 are in fact known (the self K-conjugate constructionsESlo at A = 1), but these occur 
only for dim^f = even, leaving us without a conventional orbifold interpretation for the new 
constructions at A = 5. For the new constructions at A = 6, we have no suggestion at present 
for a conventional orbifold interpretation. 



7 Extensions 

In this section we consider the "Feigin-Fuchs" and the inner-automorphic deformations of 
the general Virasoro construction on orbifold affine algebra. For A > 3, further deformations 
by the full antisymmetric part of the current bilinears : J[aJb] '■ may also be possible. 

7.1 c-changing deformations 

The "Feigin-Fuchs" extension is 

f{z) = X: : Ji'H^)jt\^) ■■ +D''dJi'\z) (7.1a) 

r=0 

Cf = 2^^G,,Ct' - Y^CfiCisfce^W + Uh/^^r^'] + ^fJ^'^^TD" (7.1b) 

0<r<L^J (7.1c) 

= = L^J<r<A (7.1d) 

A-1 

D''M{C)^ = D\ c= 2Ga6(E'^f -6^"^^) C^-^e) 

r=0 



where the matrix M{C)J' is given in (|A.7b| ). The ground state conformal weight Aq is 



still given by ( p.l2| ), and these generalized c-changing deformations include the familiar 
c-chanffine deformationsSfl at A = 1. 
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7.2 c- fixed deformations 

Similarly, the generalized c-fixed deformations have the form 

f{z) = Y^Cf : Jl[\z)jt\z) : +d^-^^^ + ^fiabd^d' (7.2a) 

d^M^C)^ = d^ (7.2b) 
c = 2Ga, E £f , Ao = %(X: /:f + rf"rf^) (7.2c) 

r=0 ^ r=0 ^ 

and the OVME ( ^.91 ) holds for Cf'. These deformations describe inner automorphic twists or 
spectral flow in the twisted sectors (see also Subsec. |7.4] ), a phenomenon which is familiariSi 
at A = 1. 

7.3 Deformation of the Lie (/-invariant constructions 

The Lie (yf-invariant constructions of Sees. 5 and 6 allow a large class of both the c-changing 
and c-fixed deformations. In this case we find that 

fJ^'C-T = (7.3a) 

M{C)^ = A6J' /^"(A - 1) = (7.3b) 
A2 = A ^ A G {0, 1} (7.3c) 

where A is given in (|6.2b| ). The result ( [7.3a| ) tells us that the extra term in the gener- 
alized OVME ( |7.1b[ ) vanishes, so that the reduced OVME ( |5.2b| ) is maintained for c-fixed or 
c-changing deformations of any Lie (/-invariant construction. 

We have recalled in (|7.3c|) that all currents J^^-* of any Lie (/-invariant construction are 



either (1,0) or (0,0) operators. Then ( |7.3b| ) tells us that one may deform any Lie (/-invariant 
construction by arbitrary Da or da for any J^°^ which is a (1,0) current (global g symmetry) 
of the construction. In particular the orbifold affine-Sugawara construction may be deformed 
by arbitrary D or d, & fact which is familiai0 for the affine-Sugawara constructions at A = 1. 

7.4 The doubly- twisted afRne algebra 

The c-fixed deformation of the orbifold affine-Sugawara construction for simple g 
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z 2z^ 



= Xc,,{x), A^^(rf) = ^(1 - 1) + hr^atd^d' 



(7.4a) 
(7.4b) 



(see Eqs. ( [4.10|) and ( [4.11|) ) describes spectral flow in the twisted sectors of the WZW 
permutation orbifolds 



A times 

g[d) X...X g[d) 
2^ 



(7.5) 



where each copy of g has been twisted by the same arbitrary vector d, using the known A = 1 
formi of (|73). 

Following Ref. the spectral flow (|7.4|) is equivalent to introducing inner-automorphically 
twisted orbifold currents. In the Cartan-Weyl basis, these currents satisfy the "doubly- 
twisted" affine algebra 



[H^;\m+'^,d),H^^\n+'-^,d)] = + ^) W™+n+i±.,o (7.6a) 

[H^;\m + ^; d), E^\n + d)] = aAE^:^'\m + n+ ^ + '-d-^ . ^) (yg^) 

A A A 

/ r - d - a ^. -<s) , s - d - (3 

A A 



[Ej^\m + d),E^:\n + d)] (7.6c) 



N{a, P)E^:^;\m + n+ ■ d) if (a + /3) G A 

a ■ ^('-+^)(m + n + ^^-d) + k{m+ if (a + /?) = 

otherwise 

[gj[)(m + ^; c^) - 6m+^flkdAm = ii'^H^ + ~ f " " ; ^)|0) = when m+^>0 (7.6d) 

A A A 

= 1, ...,rank5(, a,/3GA (7.6e) 

m,ne:2., r, s = 0, ...,A- 1, A G 2+ (7.6f) 



for all d^, where Ha and E^ are the Cartan and root operators respectively. The relations 
( [7i6|) are understood with the periodicity conditions 

H^I^'\m + d) = H^;\m ± 1 + ^; rf) (7.7a) 
A A 

E^:^'\m + d) = E^\m ± 1 + d) (7.7b) 
in analogy to the conditions (|2.2|). 
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The doubly-twisted algebra ( [7^61) reduces to the orbifold affine algebra (|2.1| ) when d = 
and it reduces to inner-automorphically twisted^S'il affine Lie algebra when A = 1. More 
generally, the doubly-twisted algebra exhibits an intricate interplay between the discrete 
orbifold twist (outer automorphism) and the continuous spectral flow (inner automorphism). 

The doubly-twisted algebra can be obtained by the orbifold induction procedure! from 
the spectral flow at A = 1 given in Ref. BOl The relations are 



H 



Jy{m + -) + kdA^m+^fl 
A ^ 

JA(Am + r; d)BoosT 
JA(Am + r) + kdA^xm+vfi 



(7.8a) 



EaiXm + r - d- a; d) boost 

E^{Xm + r) (7.8b) 



where the currents Ja{^', d) boost, Eaijn — d ■ a; d) boost are the inner automorphically- 
twisted currents of Ref. ^ and Ja{iti)i Ea{m) satisfy affine Lie algebra. 
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Appendix A. Derivations 

Many of the operators below have branch points at zero and infinity; however we have 



checked that all the standard machinery of Ref. ^ follows using contours that never encircle 
these points. 



•Wick's theorem 

Given the OPE of two operators A and B, 



-WBW^Ei^ (A.1) 
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the contraction of the two operators is defined as the singular terms of the OPE 

A{z)B{w) = Y: . _ ^^ • 

I I m>0 ^) 



(A.2) 



For any three operators A, B, C we have 

{dx 

yz ) : D(_y -.yw j = f - 

L 



A{z) : EC -.{w) = i A{z)B{x) C{w) + B{x) A{z)C{w) . 



(A.3) 



•Symmetry of the bihnears 

To prove the symmetry ( p^.l4D of the current bihnears, we use the fact that the commutator 
of the normal-ordered bilinear : J J : is related to the derivatives of the singular terms of the 
J J OPE (PI): 



\m+l 



m>0 



-1 



0. 



In this paper, Ai^aBb) = AaBb + A^Ba and A\^aBb] = AaBb - AbBa- 



(A.4) 



• J: J J: OPE 

Starting with the J J OPE ( |2.5a| ) and using Wick's theorem, we can evaluate the J : J J : 
OPE: 

(.) : jjfUj^^ ■.{w) = i ^[j^;\z)ji:\x) j^\w) + ji:\x) j^:\z)j^\w)] 

I I JwX-W I I I I 



[dx) ^ GgbSr+sfi mod A ^ ifab'^Jd ^ ^'^'^ ) (-^^'^ 



w X — W 



[Z — X] 



[Z — Wy [Z — W) 

dcf ab'^^r+s+tfl mod X 

{z — w)^ 

, {Gab^c^T+s ,0 mod A + Gac^b^r+t .0 mod A 



Gac^r+t,0 mod A 



[Z — X) 
d 7(''+*) / 



+ 



{z — wy 



d . ^s) jir+t) . 



W 



Z — W 
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{z — wy {z — wY 

z — w 



^bca ' = Gab^t^r+s,0 mod X + Gac^h^r+tfi mod X ~ fab^ ft 



e f d 
ec ■ 



(A.5a) 
(A.5b) 



• ■.J J: J OPE 

The : J J : J OPE is obtained by analytic continuation of (|A.5a|) 



I I 



-iGecfab'^^r+s+tfi 



mod X 



{z — wy 



,z - w 



{z — w) 



z — w 



(A.6) 



•f J(o) OPE 

Taking s = —r and t = and multiplying ( |A.6| ) by I]r=o -^r^' obtain 



1 



I I 



A-l 



'W N ?(0) 



z — w 



be 



M r e) 



d — X dr^ I f d f e nj- de — - rV" r 

^^ab,c — 2 {aJb)c 



(A. 7a) 

(A.7b) 
(A.Tc) 



• : J J :: J J : OPE 

To evaluate the OPE of two current bilinears we apply Wick's theorem again 
I I 

^ : Ji^) : (z) Ji")(^) + jW(a:) : : {z)J^:\w) 

w X — W I I I I 



26 



mod A 



w X — W {z — 

(2; — xY {z — x) 



2; — X 

iG edf ah^ ^r+s+u,0 mod A 



{z — wY {z — w) 



)] (A.8a) 



abc ^r+s+t+ufl mod A 

(2 - wY 

_^—'iGecfab'^r+s+tfi mod \ Jd^\'w) — iG edf ^T+s+ufi mod xJcK^) 

{z — wY 
(2 — 

-/./(/.e' : J^'^^'^jt^ ■■ (w) + /,/ : J(^+*) J(^+-) : («;)) 

: i^"^ Ji^+*) : (^) + fj : J« j}^^*^") : (^))}/(. - wY 
+0{{z-w)-^). (A.8b) 

•Matching to the Virasoro algebra 

We turn now to study the general stress tensor T in ( |3.1| ). To evaluate the TT OPE set 

A-l A-l 

s = —r and m = — t in ( |A.8b|) and multiply by ^ ^ L"^ Cf" . Comparing this to the Virasoro 

r=0 i=0 

algebra ( |3.2| ) we find that the third-order pole term is zero since the identities 



Y^LtLfMt7^'^-'^^f^,^ = ^. (A.9a) 



r,s=0 



>Cf ///Mi,r-^) ^ = £f £f /./Mi:;^'-"'-^) ' (A.9b) 
follow by a ^ 6, c ^ and ah ^ cd symmetry of Z^r 7=o ^f'^^f- 
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Using the symmetry (|2.14|) the restriction (|3.3| ) is obtained by matching the second-order 
pole terms. The fourth-order pole term gives the quadratic form of the central charge 



A-l 



2 ^ CfCfG^^M^ 



{r,—r,s) e 
ahc 



(A.IO) 



r,s=0 



which can be simplified to the linear form in ( p.4|) using (3.3). 



•First-order pole 

The first-order pole term in the Virasoro algebra ( p.2|) is guaranteed to be correct because 
the higher-order pole terms are correct. To see this explicitly, we write 



T(z)T(w) 



{z — w)^ {z — wy z — w 
where F{w) is unknown, and this may be relabeled as 



TMfiz) 



c/2 



2fiz) , F{z) 



o{{z-wy 



(A.ll) 



(A. 12) 



{w — zY {w — zY w — z 

We can determine F by a Taylor expansion z = w + {z — w) oi ([A.ll|) and its analytic 
continuation T{z)T{w) = T{w)T{z): 



.z - w 



[z - wf 



w — z 



Comparing to ( A. 12 ) we see that 

F{w) = d^f{w) 
which completes the verification of the Virasoro algebra (|3.2| ). 



(A.13) 
(A. 14) 



•K-conjugation 

In parallel with the VME, it is straightforward to check that the K-conjugate partner 
= {Cf)g^ - Cf of any solution Cf of the OVME is also a solution of the OVME 
(use the fact that both {C'^^)g^ and are solutions). 

To see that the stress tensors of K-conjugate constructions commute, we use ( [A.8b| ) to 
verify the OPE 



{z — w)^ {z — wY {z — w) 
f{z)f{w) + 0{{z-w)°) 



(A.15) 



and this is easily rearranged into (|4.16b|) . 
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Appendix B. Graph Theory Ansatz on gx = SO{n)x 

The graph theory ansatz SO{n)(iiag on SO{n)x=i is famihaiSi from the VME. Here we find 
the generahzation in the OVME to the ansatz SO{n)'^"'^ on SO{n)x. 
The inverse inertia tensor in this case has the form 

iP^Cf = ^^Ci^'''^ = r]'^'''^Cl^ = 6'''6^^Ci^, a={i,j), l<i<3<n (B.l) 

in the vector index notation for the Cartesian basis of SO{n). Substituting into the OVME 
on gx = SO{n)x, we find the reduced system 

i:'f = j:j:a^:ji;Uir^: (B.2a) 

r=0 i<j 
A-1 n 

- xC^) + r„ ^ ^ [C^d^^, - C^{Ci + £f )] = (B.2b) 

£^ = Cl^^ = L^J < ^ < A (B.2c) 

CI' = Ci\ C; = 0, Tn={ ' ^ (B.2d) 



^2, n = 3 

A-l A-1 

4A2 



c = xEE^^^ ^o = ij:Y.^f-^^ (B-2e) 

r=0 i<j r=0 i<j 



which further reduces to SO{n)diag when A = 1. The conventions in (|B.2| d) follow Ref. |28. 

The reduced OVME in ( p.2|) consists of ([|J + 1)(2) equations and unknowns, so the 
reduced system contains 

iV(50H,,,3,A) = 2(LtJ+i)(2) (B.3) 

level families for each value of n and A. As in the case of the Lie (^-invariant constructions, 
most of these level families will be new, with irrational central charges and (for A > 2) 
generically irrational ground state conformal weights Aq. 

These level families can be classified by the graphs of order n with [|J + 1 colors, 
according to the high-level behavior^'!: 

C^{G^ = + 0{x"% r = 0, L^J (B.4a) 

X 2 

i^'nCl) = gE(^^ + 0{x~')) : J^U^r^ : (B.4b) 

r=0 i<j 
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ciG'j = j:j:^nGt)+oix-') (b.4c) 

r=0 i<j 

Ao{G'^) = j:j:^f-^^^ + 0{x-') (B.4d) 

r=0 i<j 

of each level family, where 

e;^(G^)G{0,l}, l<t<J<n, r = 0,...,L^J (B.5) 

is the adjacency matrix of any colored graph G^. The points i and j of are connected 
by an edge of color r when Ql^{G^) = 1, and the collection of edges between any i and j is 
called a bond. 

The high-level expansion also shows that each level family is unitary for x = Xx, x & Z"*", 
at least down to some finite radius of convergence xq = Xxq- 

In the colored graph theory, the orbifold afiine-Sugawara construction SO{n)\ lives on 
the complete colored graph with n points and [|J + 1 colors in each bond. As an example, 
the graph of the orbifold affine-Sugawara construction S'0(3)a=2 is shown (with colors and 
1) below 






Figure 4: The orbifold affine-Sugawara construction SO{3)x=2 

so that c = 6 + 0{x~^) in this case. 

Many other properties of the level families in this ansatz can be seen in the colored 
graphs, in analogy with the applicationil of ordinary graph theory at A = 1. As examples, 
•Aut(SO(n))-inequivalent level families are in one-to-one correspondence with the (point) 
unlabelled colored graphs. 

•Since K-conjugation is through the orbifold affine-Sugawara constructions, K-conjugate 
level families live on complementary colored graphs. 

•Self K-conjugate constructions@'i, with half the orbifold affine-Sugawara central charge 



^9x 



2 



live on self- complementary colored graphs. 
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